Gravity models (equations) 
Introduction
The gravity model (or equation) of international trade is an economic analogy to Newton's Law of gravity. The economic version of this law assumes that international bilateral trade is directly proportional to 'sizes' of trading economies, and indirectly proportional to their distance. Gravity was introduced into economic theory by Tinbergen (1962) , and later this pioneer work was followed by many other studies, see e.g. Anderson (1979; 2010) , Bergstrand (1985) , Deardoff (1998) , Anderson and van Wincoop (2003) , Helpman et al. (2008) , or Bergstrand and Egger (2011) . A concise review of gravity approach can be found e.g. in Anderson (2010) or Salvatici (2014) .
Theoretical explanation of the gravity equation for aggregated or disaggregated trade can be found e.g. in Anderson (1979) or Chaney (2011) . Trade in a real world is infl uenced not only by economic size and distance, but also by trade 'frictions' (trade costs or trade barriers) such as borders among countries, a different language and currency, colonial ties, free trade agreements, etc., these additional factors were incorporated into gravity models as well, see e.g. Deardoff (1998), Baier and Bergstrand (2009) , Anderson (2010) , Bergstrand and Egger (2011) or Salvatici (2014) .
Gravity models theoretically explain the role of an economic size in bilateral trade fl ows at any scale (countries, regions, etc.) ; though the role of a distance is not well understood yet, see Disdier and Head (2008) . Moreover, gravity applies to other socio-economic phenomena such as migration or direct foreign investments. Generally, according to Anderson (1979) or Chaney (2011) , gravity models of trade can be considered the most successful empirical tools in economics.
The empirical evidence for gravity models is rather strong, as various studies report the coeffi cient of determination between 0.6 and 0.8. A meta-analysis of 1,467 estimates in 103 papers provided by Disdier and Head (2008) found 1       in relation (1) (see below). Remarkably, the coeffi cient γ has been stable (and close to one) for more than one century. A theoretical explanation of this result can be found e.g. in Chaney (2011) .
Gravity model estimations are usually carried out for cross-sectional or panel data. However, countries all over the world form a very heterogeneous sample. There are countries with centuries of industrial tradition and export (the USA, the UK, Germany, etc.), countries that export aggressively in the last decades (Japan, Korea, China, etc.), and also a large number of developing countries whose exports are limited to articles such as bananas or cocoa beans. Moreover, a trade is a product of particular human action, and people living under different conditions and regimes simply cannot act in a similar way. Therefore, one should not expect international trade to be universally described or explained by one equation, model or a formula. To mix such different trade partners while looking for a general pattern (as in physics) makes little sense in economics. Hence, a more sensible approach might be the use of more homogenous sets of countries, such as developed (OECD) countries, Latin-American countries, etc. This aforementioned approach is followed in this paper, where the gravity equation is used to model aggregate export's shares of one country (Germany) to its trading partners (importing countries).
As the gravity model is usually formulated in a multiplicative form, it is log-transformed into a linear equation and coeffi cients of a model are estimated by an appropriate regression method. A problem of a correct estimation of a gravity model is a broadly discussed issue, see e.g. Heckman (1979) , Silva and Tenreyro (2006) , Martínez-Zarzoso et al. (2007 ), Helpman et al. (2008 , Baier and Bergstrand (2009), Egger (2010) , Herrera and Baleix (2010) Silva and Tenreyro (2006) or Martínez-Zarzoso et al. (2007) . Nevertheless, if assumptions of OLS are satisfi ed, it is the BLUE (Best Linear Unbiased Estimator) method.
ON THE GRAVITY EQUATION OF TRADE: A CASE OF GERMANY
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The aim of the article is to examine how the aggregated gravity models fi t the latest export data for Germany both without and with trade frictions. Germany was selected for this study because it is the 3 rd largest world exporter (behind the USA and China), and it ranks among the most developed countries of the world. It is suitably located in the middle of the continent surrounded by many trading partners in different distances; and last, but not least, the data for Germany can be considered accurate and reliable.
The paper is organized as follows: in section 1 Germany's export is briefl y discussed, in section 2 the data is described, in sections 3 and 4 aggregate gravity models without and with frictions are presented along with their results. Conclusions follow at the end of the article.
Germany's Export
Germany belongs among countries with a positive balance of international trade in the long term. In 2014, the balance (export minus import) reached 217 billion Euros according to Statistisches Bundesamt (2015b) . Commodity structure of export is rather stable in the last decade. The most important export items are transportation (cars, car parts, engines and aerial technology), instruments of electrical engineering, telecommunications technology, offi ce technology and machinery; see Statistisches Bundesamt (2015a) . Figure 1 provides more detailed commodity structure of export in 2014.
The most important trade partners of Germany are France, USA, UK, Netherlands and China (see also Appendix A). In 2014, 58% of Germany's export went to EU, 17% to Asia, 12% to Americas, 10% to non-EU European countries, 2% to Africa and the rest (0.3%) to Australia and Oceania according to Statistisches Bundesamt (2015b) .
Germany is a federal parliamentary republic consisting of 16 constituent states. In 2014, the strongest exporting states were BadenWürttemberg (16% of total Germany's export), North Rhine-Westphalia (15.9%), Bavaria (14.9%) and Lower Saxony (6.9%). Around 85% of export was a completed production, 5% semifi nished production, and around 1% accounted for raw material. More detailed data including a structure of export by individual states can be found in Statistisches Bundesamt (2015b) . 
Method and Data
Germany's export is examined via aggregate gravity equations with and without frictions. These equations (models) are introduced and described in detail in the following two sections. As gravity equations have a multiplicative form, they were linearized by the logarithmic transformation. Then, linear regression was performed by the most suitable estimation method.
For the empirical investigation the following data was used:   Importing partners' shares (in %) of Germany's export for the year 2013 were obtained from Statistisches Bundesamt (2014) . The data is provided in the form of a ranking of trading partners in the descending order. For this study the list of all countries was truncated and includes 66 main partners (from France to Qatar) with an individual share of import from Germany at least equal to 0.10%, as the relative error of values lower than 0.10% would be inappropriately high (see a discussion at the end of section 4). These 66 countries comprise 97.6% of Germany's export.   Distances between Germany and importing countries (in kilometers) were obtained from a distance calculator at Timeanddate (2013). The distance between two countries was defi ned as an air distance between their capital cities.   GDP (PPP) in billions USD of importing countries were retrieved from the International Monetary Fund (2013).   Other countries' data include their currency, a membership to Schengen area and an existence of joint borders with Germany.
The dependent variable in the models was importing partners' shares (in %), other variables were considered independent. All data is provided in Appendix A. It should be noted that export shares and GDP (PPP in billion dollars) could be a subject of later revisions.
Frictionless Gravity Model, Results and Discussion
The standard gravity model (equation) of aggregate international trade usually takes the following form (Chaney, 2011) :
where T ij is a trade from a country i to a country j, GDP i denotes gross domestic product, k is a positive coeffi cient, and d ij is a geographic distance of both countries. Anderson (2010) assumes that supply Y i of a country i is attracted by a demand E j of a country j, where d ij denotes a distance of both countries, and proposes the following frictionless and aggregate gravity model of trade:
Also, in some alternative gravity models an income per capita (along with a population) of countries is used instead of supply and demand, and an error term is added on the right hand side of equations; see Anderson (1979) :
In ( In the last decades, more sophisticated models for disaggregated goods and with trade frictions were developed, see e.g. Anderson (2010) or Salvatici (2014) .
In this paper the following aggregate frictionless gravity model for Germany's export shares is considered:
In (4) Relation (4) simply states that an export rises when an importing country is closer and/ or richer. It should be noted that if absolute values of exports (e.g. in billions of USD) were considered in (4) instead of relative exports, then only the coeffi cient k would change.
For the regression analysis the relation (4) is reformulated in the following way:
Gravity equation is transformed logarithmically (all variables are positive) which yields:
ln ln ln ln
The correlation matrix of variables in the model (6) is shown in Table 1 . As it can be seen, correlation coeffi cients were not particularly high. Multicollinearity in the model (6) For the regression model (6) the data from Appendix A was used. The regression was performed via statistical software Gretl. Residuals were examined for exogeneity, normality and heteroscedasticity. All assumptions of OLS were satisfi ed with an exception of heteroscedasticity associated with the logarithm of GDP, where the null hypothesis (homoscedasticity) could be rejected by White's test at p = 0.04 level. Therefore, Gretl's builtin OLS with the corrected heteroscedasticity method (which incorporates weighted least squares method) was used for the estimation. Results are reported in Table 2 .
As it can be seen from Table 2 , both regressors (logs of GDP and distance) were found signifi cant at 0.01 level. As expected, regression coeffi cient for logarithm of distance is negative, and the coeffi cient for logarithm of GDP is positive, both coeffi cients are close to 1, which is in accord with other studies' fi ndings. The adjusted coeffi cient of determination R 2 = 0.742, which is within a range of 0.6-0.8 was found in other similar studies as well.
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Gravity Model with Frictions, Results and Discussion
Frictions of any kind (borders, a different language or currency, colonial ties, legislative, culture, religion, etc.), which infl uence real trade, can be incorporated into the gravity models as well. In this paper the following trade frictions as explanatory variables were examined:  Adjacency (A): the existence of national borders is considered one of the most important frictions in international trade. According to Anderson (2010) , cross-border trade is typically reduced by a factor of 1/20 to 1/3 to its potential value. However, when a trade is carried out between countries without common border, it is reduced even more signifi cantly.  Currency (C): different currency might diminish trade volumes due to exchange rates uncertainty; it may require additional transaction costs as well.
 Location in the Schengen area (LISA):
the Schengen area, established in 1995, abolished internal border controls and allowed free transfer of people within the area. This could affect trade volumes within the Schengen favorably.
All these trade friction variables are dummy (binary) variables with values 0 or 1, see Table 3 . Also several other trade frictions were considered at the beginning of the study, such as democracy index of importing countries, length of common borders with Germany, geographic location of importing countries (not just their distance), or the fact whether transportation of goods is managed on a land or a sea, but preliminary results showed these variables were not statistically signifi cant in the examined models, or were highly correlated with other independent variables, so they were eliminated from the model. Nevertheless, though only three variables associated with trade frictions were left in the model, its explanatory power was very high (see results at the end of this section).
The friction gravity model has the following form:
Log-transform of (7) yields:
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The correlation matrix of all regressors in (8) is provided in Table 4 . Variance Infl ation Factor (VIF) for all explanatory variables was found lower than 4, with a maximum value of 3.24 for LISA. Therefore, multicollinearity of the model (8) did not constitute a problem.
Again, assumptions regarding the use of OLS were examined, with the result OLS is an appropriate estimation method with an exception of heteroscedasticity of ln(GDP), so OLS with corrected heteroscedasticity in Gretl was performed again. Estimation results are shown in Table 5 .
All variables associated with trade frictions were found statistically signifi cant, though only adjacency was found statistically signifi cant at 0.01 level. Moreover, regression coeffi cients of all friction variables were found negative as expected. According to coeffi cients' values, the most important trade friction is adjacency -countries not bordering with Germany import signifi cantly less (by a factor of 1.6) than Germany's neighbors. Adjusted coeffi cient of determination for the model is very high, R 2 = 0.92, which indicates the model is appropriate and possess high explanation power.
Trade friction Acronym Values
The same currency C yes: 0, no: 1 Shared borders with Germany A yes: 0, no: 1 Location in the Schengen area LISA yes: 0, no: 1 Source: own
Tab. 3: Selected trade frictions
Arguably, the most important determinants of export volumes (or shares) are distance between trading countries and a value of GDP of importing countries (countries' wealth). However, when export is low, infl uence of other factors may be not negligible. For example, one large government or private contract (such as opening of Bosch's subsidiary in Kenya during 2014), may change the export data substantially. This can be easily illustrated by the Statistische Bundesamt (2013; ) data on Germany's exports from 2012 and 2013. The change in export volumes between years 2012 and 2013 for the top ten importers from Germany (from France to Belgium) was about 2% on average, but for countries ranked from the 101 th to the 110 th place (from El Salvador to Zambia) this year-to-year change amounted to 46% on average. A question arises, whether such data can be considered more than just a noise.
In this study only the data for top 66 countries with at least 0.10% share of Germany's export was examined, but its total share of export is 97.6%. Remaining 173 countries sum up to only 2.4% of Germany's export, but, if used, they would form a majority of the dataset. That is the main reason why they were left out of this study. However, if averaged data over some longer period (fi ve or ten years) demonstrate more stability, then it might be possible to include these countries as well.
Conclusions
In this study Germany's latest aggregate export shares with the use of a gravity equation without and with trade frictions were examined. This is a slightly different approach from a standard methodology where trade volumes are studied with the use of cross-sectional or panel data. Also, only data for countries with import shares from Germany exceeding 0.10% were employed, as countries with lower trade volumes are susceptible to large year-toyear fl uctuations, which affect the estimation by gravity equation negatively. The use of averaged data over longer periods might be more appropriate as elimination or smoothing
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Ln ( (8) of data fl uctuations may result in much better statistical performance of gravity models in general.
One of main fi ndings of this study is that the frictionless gravity model is very successful in fi tting the data with adjusted coeffi cient of determination R 2 equal to 0.74. As expected, export shares were found (roughly) directly proportional to a GDP of an importer and negatively proportional to importers' distance.
More interesting fi ndings concern the gravity model with frictions, namely adjacency, currency and location in the Schengen area. This model fi tted the data even better than frictionless model, with the adjusted coeffi cient of determination R 2 as high as 0.92. All frictions were found statistically signifi cant at 0.10 level, and their regression coeffi cients were found negative, which means they were factors contributing to the trade decrease indeed, with (not)adjacency as the most important trade barrier itself.
The border effect, which diminishes trade substantially even in cases where no borders are physically present (as in the EU), is still considered puzzling, see Anderson (2010) . One possible explanation, somewhat overlooked in the literature, might rest in information defi ciency. To trade, information about demand and supply for particular goods must be available to both potential trade partners. But subjects of trade (Germany's exporters, for example) are better informed about situation at their home market in Germany than about the situation at neighboring markets (for example in Belgium), because they primarily acquire information through home German media (TV, newspapers, Internet, etc., and also through personal contact). However, near borders with Belgium German exporters can acquire information from Belgian sources, and thus could be, at least partially, informed about its market. This information acquisition is even more reduced when there is no border between both countries (no adjacency), as information can be shared only indirectly (by Internet, satellite TV) or by (not so often) personal contact. That is why trade with a foreign subject is less likely. 
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